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Background

Perspective reformulation has been used in convexifications of
Mixed-Integer Nonlinear Optimization (MINLO) modeling in the
presence of indicator variables (disjunctive programming).

Applications with a scalar variable x ∈ {0} ∪ [ℓ, u], and a cost
function f(x) satisfying f(0) = 0 and convex on [ℓ, u].
Examples: (i) f(x) = xp (p > 1), (ii) f(x) = ex − 1.

Indicator vairable z: z ∈ {0, 1}.
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Sparse portfolio selection

Mean-variance optimization
Given n assets with expected return a and covariance matrix Q

Each asset i has minimum and maximum buy-in thresholds [ℓi, ui],
and the number of assets to buy is limited by k

Goal: minimize the variance (risk) while achieving a desired return b

min x⊤Qx

s.t. 1⊤x = 1, a⊤x ≥ b,

ℓizi ≤ xi ≤ uizi, 1⊤zi ≤ k, zi ∈ {0, 1}.
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Gaining perspective

Mean-variance optimization
Factor Q = LLT + D, where D = Diag(d) is a diagonal matrix.
Introduce new variables v, w, y.

min v + d⊤y

s.t. 1⊤x = 1, a⊤x ≥ b,

ℓizi ≤ xi ≤ uizi, 1⊤zi ≤ k, zi ∈ {0, 1},

v ≥ ∥w∥2, w = LT x,

yi ≥ x2
i .

Perspective reformulation will replace the last constraint with a conic
constraint yizi ≥ x2

i (yi, zi ≥ 0) to tighten the relaxation.
(Frangioni and Gentile [2006], Günlük and Linderoth [2010], D’Ambrosio, Frangioni, and
Gentile [2019], Kronqvist, Misener, and Tsay [2022], Wei, Gómez, and Küçükyavuz
[2022], Han and Gómez [2024], Shafiee and Kılınç-Karzan [2024] ...)
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Gaining perspective

Perspectivizing y ≥ f(x) to y ≥ f̃(x, z), where

f̃(x, z) =
{

zf(x/z), z > 0,

+∞, otherwise.

By taking the closure, we have y ≥
{

zf(x/z), z > 0,

0, z = 0.
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Gaining or losing perspective

Perspective relaxations typically contain conic constraints, but not all
NLP solvers are equipped to handle these.

Conic solvers (like MOSEK and SDPT3) can handle well-known
classes of cones: second-order cones, power cones, exponential cones.
But they may not handle the other constraints in the model.
So a main interest of ours is in determining when natural and simple
non conic-programming relaxations may be adequate.
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Compare relaxations

Volume!
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Prior work

Lee and Morris [1994], Lee, Skipper, and Speakman [2018] compared
relaxations by volume.

Lee, Skipper, and Speakman [2021], Lee, Skipper, Speakman, and Xu
[2023] investigated the relaxations of this modeling when f is
univariate and the specific set is an interval [ℓ, u].
The univariate case will help analyze the separate functions∑n

i=1 f(xi).
There are many common nonseparable functions: (c⊤x)n, ecT x,
log

(
1
d

∑d
j=1 exj

)
.
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Generalization

We lift some of the univariate results to the multivariate case.

To handle the multivariate case (x ∈ {0} ∪ Q), the starting point is
to consider f(x) on a simplex J .

We will also discuss f(x) on box domains to explain the challenges.
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For x ∈ {0} ∪ J , we have f(x) with f(0) = 0, but convex on
J ⊂ Rd

≥0 \ {0}, where J := conv{v0, v1, . . . , vd}.
We define the disjunctive set

D(f, J) := {0d+2} ∪ {(x, y, 1) ∈ Rd+2 : µ(x) ≥ y ≥ f(x), x ∈ J}.

Perspective relaxation
P (f, J) :={

(x, y, z) ∈ Rd+2 : zµ(x/z) ≥ y ≥ zf(x/z), x ∈ z · J, 1 ≥ z ≥ 0
}

.

Assuming f is convex on conv({0} ∪ J) = {z · J : 0 ≤ z ≤ 1}.

Naïve relaxation
P 0(f, J) :={

(x, y, z) ∈ Rd+2 : zµ(x/z) ≥ y ≥ f(x), x ∈ z · J, 1 ≥ z ≥ 0
}

.
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Upper bound

Upper bound µ(x) satisfying µ(vj) = f(vj),

µ(x) := w⊤B−1(x − v0) + f(v0),

where

w⊤ := [f(v1) − f(v0), . . . , f(vd) − f(v0)] ∈ R1×d,

B := [v1 − v0, . . . , vd − v0] ∈ Rd×d.

Therefore, the perspective

zµ(x/z) = w⊤B−1(x − zv0) + f(v0)z .
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The well-known volume formula for the d-simplex
J := conv{v0, v1, . . . , vd} ⊂ Rd is

vol(J) =
∫

J
1dx = 1

d!

∣∣∣∣∣det
[
v0 v1 . . . vd

1 1 . . . 1

]∣∣∣∣∣ .

Theorem (Perspective relaxation)

vol(P (f, J)) = vol(J)
(d + 2)(d + 1)

d∑
j=0

f(vj) − 1
d + 2

∫
J

f(x)dx.

Base =
∫

J(µ(x) − f(x))dx
Height = 1.
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Volumes of relaxations

Theorem (Naïve relaxation)

vol(P 0(f, J)) = vol(J)
(d + 2)(d + 1)

d∑
j=0

f(vj) −
∫ 1

0
zd

∫
J

f(zx)dxdz.

Corollary

∆(P 0, P ) = 1
d + 2

∫
J

f(x)dx −
∫ 1

0
zd

∫
J

f(zx)dxdz.

∆(P 0, P ) ≥ 0 is independent of the upper bound µ.
These volume formulae are true for the general polytope Q.
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q-homogeneous function

f(x) is q-homogeneous if f(λx) = λqf(x) for λ ≥ 0.

Theorem (Convex q-homogeneous function on conv(J ∪ {0}))∫ 1

0
zd

∫
J

f(zx)dxdz = 1
q + d + 1

∫
J

f(x)dx.

∆(P 0, P ) = q − 1
(q + d + 1)(d + 2)

∫
J

f(x)dx.

Corollary (Lee, Skipper, and Speakman [2021])
For d = 1, J = [ℓ, u], and f(x) = xq,

∆(P 0, P ) = (q − 1)(uq+1 − ℓq+1)
3(q + 2)(q + 1) .
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Power of linear form

Example: f(x) = x⊤Cx (C ⪰ 0), f(x) =
ℓ∑

s=1
λs(c⊤

s x)q (λs > 0)

f(x) = (c⊤x)q

q > 1, f(x) is convex with the further assumption c⊤vj ≥ 0.
q = 2r is even, f(x) is convex.

Consider the cut-off ratio
∆(P 0, P )

vol(P 0(f, J))

over J = conv{v0, v1, . . . , vd}. Note that the assumption c⊤vj ≥ 0 is
equivalent to c ≥ 0 when J = ∆d := conv{0, e1, . . . , ed}.
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q > 1, c⊤vj ≥ 0

Theorem
∆(P 0, P )

vol(P 0(f, J)) ≥ q − 1
Γ(q+d+2)

(d+1)!Γ(q+1) − (d + 2)
∼ O

( 1
qd

)
, for fix d

Lemma ∫
J

f(x)dx ≥ d! vol(J) Γ(q + 1)
Γ(q + d + 1)

d∑
j=0

f(vj).

The lower bound becomes tight when c⊤vj

c⊤vk
→ 0 for all j ̸= k, where

c⊤vk = maxj c⊤vj .
When d = 1, the lower bound recovers 2

q+4 .
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q = 2r even

Goal: find a lower bound on the ratio
∫

∆d
(c⊤t)qdt divided by

∑d
j=1 cq

j .

∫
∆d

(c⊤t)2rdt = (2r)!
(2r + d)!

∑
∥k∥1=2r

ck1
1 . . . ckd

d =: (2r)!
(2r + d)!h2r(c).

h2r(c) is the sum of all monomials with coefficient 1 and degree 2r,
which is called complete homogeneous symmetric polynomial.

Find a lower bound for

min{h2r(t) :
d∑

j=1
t2r
j = 1}.
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q = 2r even

Theorem
∆(P 0, P )

vol(P 0(f, J)) ≥ q − 1
(q+d+1)!
(d+1)!q! 2rr! − (d + 2)

Proof.
Hunter [1977] gives the bound h2r(c) ≥ 1

2rr!(
∑d

j=1 c2
j )r.

(
∑d

j=1 c2
j )r ≥

∑d
j=1 c2r

j .

∫
J

f(x)dx ≥ d! vol(J) q!
(q + d)!

1
2rr!

d∑
j=0

f(vj).

It is still an open question whether this bound is tight or not.
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Improvement on the ratio

Theorem
For (i) d = 2, (ii) q = 2, (iii) q = 4 and d = 3, we have

hq(c1, . . . , cd) ≥ 1
2

d∑
j=1

cq
j .

The equality holds if and only if
∑d

j=1 cj = 0.

h2(c1, . . . , cd) − 1
2

∑d
j=1 cd

j = 1
2(

∑d
j=1 cj)2.

h4(c1, c2, c3) − 1
2(c4

1 + c4
2 + c4

3) = 1
2(c1 + c2 + c3)2(c2

1 + c2
2 + c2

3).
h6(1, 1, −2)/(16 + 16 + (−2)6) = 31/66 ≈ 0.4697.
h4(0.3577, 0.3577, 0.3577, −0.9875)/(c4

1 + c4
2 + c4

3 + c4
4) ≈ 0.4598.
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A class of exponential functions

Example: f(x) = exp(1⊤x) − 1 (not q-homogeneous)

Consider the asymptotic behavior of the cut-off ratio

∆(P 0, P )
vol(P 0(f, J))

over J = conv{v0, v0 + ue1, . . . , v0 + ued} when v0 is fixed and u tends to
infinity.
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A class of exponential functions

For J = conv{v0, v0 + ue1, . . . , v0 + ued},
where v0 is fixed and u tends to infinity.

Theorem

lim
u→∞

u · ∆(P 0, P )
vol(P 0(f, J)) = d + 1.

Asymptotically, with respect to u, the fraction of the volume
of the naïve relaxation that is “extra” beyond the perspective
relaxation tends to 0 rather quickly as u tends to ∞.
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Box domain case
x ∈ {0} ∪ Q, where Q = A[0, 1]n + b, and rank(A) = n ≤ d.

Recall Theorem

vol(P 0(f, Q)) = 1
d + 2

∫
Q

µ(x)dx −
∫ 1

0
zd

∫
J

f(zx)dxdz.

∆(P 0, P ) = 1
d + 2

∫
Q

f(x)dx −
∫ 1

0
zd

∫
J

f(zx)dxdz.

Challenge: The best concave upper bound µ(x) is no longer a hyperplane.
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Concave envelope
A function f(x) : S 7→ R is said to be supermodular if
f(x ∨ y) + f(x ∧ y) ≥ f(x) + f(y) for all x, y ∈ S, where x ∨ y and x ∧ y
denotes the elementwise maximum and minimum of x and y.

Theorem (Tawarmalani, Richard, and Xiong [2013])
If f : [0, 1]d 7→ R is supermodular when restricted to {0, 1}d, then the
concave envelope of f over [0, 1]d is given by the piecewise linear function
through Kuhn’s triangulation ∆i1,...,id

:= {x : 0 ≤ xi1 ≤ · · · ≤ xid
≤ 1},

for any permutation (i1, . . . , id) of [d].

conc(f)
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Box domain case

f(x) = ec⊤x − 1(c ≥ 0) is supermodular.
We consider two natural upper bound functions µ and compare the
asymptotic behavior of the cut-off ratio on a scaled box
Qu := v0 + u[0, 1]d

1 µ is a best constant upper bound F := maxx∈Q{f(x)};
2 µ is conc(f).

Theorem

lim
u→∞

vol(P 0(f, Qu, F ))
vol(P 0(f, Qu, conc(f))) = d + 1.

lim
u→∞

ud · ∆(P 0, P )
vol(P 0(f, Qu, conc(f))) = d + 1∏d

j=1 cj

.
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Box domain case

f(x) = (c⊤x)q(q > 1, c ≥ 0) is supermodular.
∆(P 0, P )

vol(P 0(f, Qu, conc(f))) ≥ ∆(P 0, P )
vol(P 0(f, Qu, F ))

Theorem

lim
u→∞

∆(P 0, P )
vol(P 0(f, Qu, F )) > 0.
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Conclusion & Future Work

We give a way to calculate the volume of the perspective and naïve
relaxation
We analyze the cut-off ratio for several important classes of functions
on a simplex and box domains with different behaviors

To understand the asymptotic behavior of the cut-off ratio in terms of
more general classes of functions and domains.
To explore the affects of triangulation over a polytope on these
relaxations
To incorporate into efficient algorithms to solve problems in
application
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Thank You!
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Integration over a simplex

Monomial formula over a standard simplex

∫
∆d

xα1
1 . . . xαd

d dx =
∏d

j=1 αj !
(d +

∑d
j=1 αj)!

,

where αj ∈ Z≥0, j = 1, . . . , d.

More generally,

∫
∆d

xα1
1 xα2

2 . . . xαd
d (1 − x1 − · · · − xd)αd+1dx =

∏d+1
j=1 Γ(αj + 1)

Γ(
∑d+1

j=1 αj + d + 1)
,

where αj ∈ R, αj > −1, and the gamma function
Γ(z) :=

∫ ∞
0 xz−1e−xdx for z > 0.

Back
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Integration over a simplex

Theorem (Baldoni, Berline, De Loera, Köppe, and Vergne [2010])

∫
J
(c⊤x)ndx = d! vol(J) n!

(n + d)!
∑

k∈Zd+1
≥0 ,∥k∥1=n

(c⊤v0)k0 . . . (c⊤vd)kd ,

∫
J

ec⊤xdx = d! vol(J)
∑

k∈Zd+1
≥0

(c⊤v0)k0 . . . (c⊤vd)kd

(∥k∥1 + d)! .

In particular, when J = ∆d, we have∫
∆d

(c⊤x)ndx = n!
(n + d)!

∑
k∈Zd

≥0,∥k∥1=n

(c1)k1 . . . (cd)kd .

Xu (UC Davis), Lee (UM) Perspective MIP Workshop 2025 5 / 5



Integration over a simplex

Theorem (Baldoni, Berline, De Loera, Köppe, and Vergne [2010])

∫
J
(c⊤x)ndx = d! vol(J) n!

(n + d)!
∑

k∈Zd+1
≥0 ,∥k∥1=n

(c⊤v0)k0 . . . (c⊤vd)kd ,

∫
J

ec⊤xdx = d! vol(J)
∑

k∈Zd+1
≥0

(c⊤v0)k0 . . . (c⊤vd)kd

(∥k∥1 + d)! .

In particular, when J = ∆d, we have∫
∆d

(c⊤x)ndx = n!
(n + d)!

∑
k∈Zd

≥0,∥k∥1=n

(c1)k1 . . . (cd)kd .

Xu (UC Davis), Lee (UM) Perspective MIP Workshop 2025 5 / 5


	Introduction
	Background
	Definitions
	Upper bound

	Volume of Relaxations
	Volume

	Results
	Homogeneous function
	Power of linear form
	Exponential

	Conclusion
	Appendix
	References
	Review



	1.PlayPauseRight: 
	1.PlayRight: 
	1.PauseRight: 
	1.PlayPauseLeft: 
	1.PlayLeft: 
	1.PauseLeft: 
	anm1: 
	1.2: 
	1.1: 
	1.0: 
	0.PlayPauseRight: 
	0.PlayRight: 
	0.PauseRight: 
	0.PlayPauseLeft: 
	0.PlayLeft: 
	0.PauseLeft: 
	anm0: 
	0.2: 
	0.1: 
	0.0: 


