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Background

@ Perspective reformulation has been used in convexifications of
Mixed-Integer Nonlinear Optimization (MINLO) modeling in the
presence of indicator variables (disjunctive programming).
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Background

@ Perspective reformulation has been used in convexifications of
Mixed-Integer Nonlinear Optimization (MINLO) modeling in the
presence of indicator variables (disjunctive programming).

e Applications with a scalar variable x € {0} U [¢,u], and a cost
function f(z) satisfying f(0) = 0 and convex on [/, u].
Examples: (i) f(z) = aP (p > 1), (ii) f(z) =" — 1.

o« x= * Operating range x € [£,u]
* No cost * Fixed cost + Operating cost f(x)

Indicator vairable z: z € {0,1}.
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Sparse portfolio selection

Mean-variance optimization
@ Given n assets with expected return a and covariance matrix @)

@ Each asset i has minimum and maximum buy-in thresholds [¢;, u;],
and the number of assets to buy is limited by &

@ Goal: minimize the variance (risk) while achieving a desired return b
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Sparse portfolio selection

Mean-variance optimization
@ Given n assets with expected return a and covariance matrix @)

@ Each asset i has minimum and maximum buy-in thresholds [¢;, u;],
and the number of assets to buy is limited by &

@ Goal: minimize the variance (risk) while achieving a desired return b

min z' Qz
st. 1’z =1,a"2z >,

Gz < xp <z, 172 < k2 € {0,1}.
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Gaining perspective

Mean-variance optimization

e Factor @ = LLT + D, where D = Diag(d) is a diagonal matrix.
Introduce new variables v, w, .
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Gaining perspective

Mean-variance optimization

e Factor @ = LLT + D, where D = Diag(d) is a diagonal matrix.
Introduce new variables v, w, .

min v +d 'y

st. 1’z =1,a"2z >0,
lizi < mi <uizi,1'z; <k, z € {0,1},
v > ||lw|*,w= LTz,

2
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Gaining perspective

Mean-variance optimization

e Factor @ = LLT + D, where D = Diag(d) is a diagonal matrix.
Introduce new variables v, w, .

min v +d 'y

st. 1’z =1,a"2z >0,
lizi < mi <uizi,1'z; <k, z € {0,1},
v > ||lw|*,w= LTz,
YiZi > x?

Perspective reformulation will replace the last constraint with a conic
constraint y;z; > x? (yi, z; > 0) to tighten the relaxation.
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Gaining perspective

Mean-variance optimization

e Factor @ = LLT + D, where D = Diag(d) is a diagonal matrix.
Introduce new variables v, w, .

min v +d 'y
st.1'z=1,a"2 >0,
iz < @ <wizg, 12 < K,z € {0,1},
v 2 HZUHQ,U} = LTxa
2
Yizi = T
Perspective reformulation will replace the last constraint with a conic
constraint y;z; > x? (yi, z; > 0) to tighten the relaxation.
(Frangioni and Gentile [2006], Giinliik and Linderoth [2010], D’Ambrosio, Frangioni, and

Gentile [2019], Kronqvist, Misener, and Tsay [2022], Wei, Gémez, and Kiiciikyavuz
[2022], Han and Gémez [2024], Shafiee and Kiling-Karzan [2024] ...)
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Gaining perspective

e Perspectivizing y > f(z) to y > f(x, z), where

. {zf(x/z), z >0,

T,z) =
fz.2) 400, otherwise.
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Gaining perspective

e Perspectivizing y > f(z) to y > f(x, z), where

. {zf(x/z), z >0,

T,z) =
fz.2) 400, otherwise.

zf(z/z), 2>0,

By taking the closure, we have y >
0, z=0.
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Gaining perspective

e Perspectivizing y > f(z) to y > f(x, z), where

. {zf(x/z), z >0,

T,z) =
fz.2) 400, otherwise.

zf(z/z), 2>0,

By taking the closure, we have y >
0, z=0.

f(x)
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Gaining perspective

o Perspectivizing y > f(z) to y > f(x, z), where

7 zf(z/2), 2>0,
fla,2) = { (w/2) |
400, otherwise.
9 > 0,
By taking the closure, we have y > 2f(@/z2), =
07 z = 0
y
z=1 )
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Gaining perspective

o Perspectivizing y > f(z) to y > f(x, z), where

; 2f(z/z), 2>0,
f(xa Z) - ]
+00, otherwise.
0
By taking the closure, we have y > {(Z)f(x/z); z > 07
) z =0U.

=1
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Gaining or losing perspective

@ Perspective relaxations typically contain conic constraints, but not all
NLP solvers are equipped to handle these.
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But they may not handle the other constraints in the model.
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Gaining or losing perspective

@ Perspective relaxations typically contain conic constraints, but not all
NLP solvers are equipped to handle these.

@ Conic solvers (like MOSEK and SDPT3) can handle well-known
classes of cones: second-order cones, power cones, exponential cones.
But they may not handle the other constraints in the model.

@ So a main interest of ours is in determining when natural and simple
non conic-programming relaxations may be adequate.
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Compare relaxations

z
(u+ )z —ulz
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Compare relaxations

y=a/z
2t H—y =2*

—y = (u+ Do —uls

Volume!
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Prior work

o Lee and Morris [1994], Lee, Skipper, and Speakman [2018] compared
relaxations by volume.
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o Lee and Morris [1994], Lee, Skipper, and Speakman [2018] compared
relaxations by volume.

o Lee, Skipper, and Speakman [2021], Lee, Skipper, Speakman, and Xu
[2023] investigated the relaxations of this modeling when f is
univariate and the specific set is an interval [¢, u].

@ The univariate case will help analyze the separate functions

i1 f(@i).
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Prior work

o Lee and Morris [1994], Lee, Skipper, and Speakman [2018] compared
relaxations by volume.

o Lee, Skipper, and Speakman [2021], Lee, Skipper, Speakman, and Xu
[2023] investigated the relaxations of this modeling when f is
univariate and the specific set is an interval [¢, u].

@ The univariate case will help analyze the separate functions
n
. T
@ There are many common nonseparable functions: (cTa:)", e T,
1 <d ,
log (E =1 e”CJ).
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Generalization

@ We lift some of the univariate results to the multivariate case.
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Generalization

@ We lift some of the univariate results to the multivariate case.

@ To handle the multivariate case (z € {0} U Q), the starting point is
to consider f(x) on a simplex J.

—AA

0
Point Line segment Triangle Tetrahedron
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Generalization

@ We lift some of the univariate results to the multivariate case.

@ To handle the multivariate case (z € {0} U Q), the starting point is
to consider f(x) on a simplex J.

—AA

0
Point Line segment Triangle Tetrahedron

e We will also discuss f(x) on box domains to explain the challenges.
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For x € {0} U J, we have f(x) with f(0) =0, but convex on

J C RY,\ {0}, where J := conv{vg, vy, ..

We define the disjunctive set

D(f,J) :={0g432} U{(z,y,1) € RA+2

Xu (UC Davis), Lee (UM) Perspective

.,’Ud}.

pop(z) z2y = f(x), z e J}
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For x € {0} U J, we have f(x) with f(0) =0, but convex on
J C R%O \ {0}, where J := conv{vg,v1,...,v4}.

We define the disjunctive set

D(f,J) :={0g42} U{(z,y,1) e R¥*? : p(z) >y > f(x), z € J}.

Perspective relaxation
P(f,J) =

{(@,9,2) €RM? : zu(w/2) >y > 2f(2/2), s€2-J, 12220}
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For x € {0} U J, we have f(x) with f(0) =0, but convex on
J C ]R‘é \ {0}, where J := conv{vg,v1,...,v4}.

We define the disjunctive set

D(f,J) :={0g42} U{(z,y,1) e R¥*? : p(z) >y > f(x), z € J}.

Perspective relaxation
P(f,J) =

{(@,9,2) €RM? : zu(w/2) >y > 2f(2/2), s€2-J, 12220}

Assuming f is convex on conv({0} U J) ={z-J:0< 2z <1}

Naive relaxation
PO(f,J) =

{(@,9,2) €R™? : 2pu(w/2) >y > f(a), w€2-J, 1> 2>0}.
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e Upper bound p(z) satisfying pu(v;) = f(v;),
ple) :=w' B~z —wo) + f(vo),
where

.= [f(v1) = f(vo), --. , f(va) — f(vo)] € R4,

w
B = [Ul — V0, ... ,Uq —Uo] S RdXd.
Therefore, the perspective

zp(z)z) =w B~ — zv) + f(vo)z .
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The well-known volume formula for the d-simplex
J := conv{vg,v1,...,v4} C R%is

1 v9 VI ... U
vol(J):/Jldx:a det[lo 11 fl]
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The well-known volume formula for the d-simplex
J := conv{vg,v1,...,v4} C R%is

1 v9 VI ... U
vol(J):/Jldac:d!|det[10 11 1‘1].

Theorem (Perspective relaxation)

vol(J) d 1
CEPICEDD A 733 J, f@)

J=0

vol(P(f,J)) =
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The well-known volume formula for the d-simplex
J := conv{vg,v1,...,v4} C R%is

1 v9 VI ... U
vol(J):/Jldac:d!|det[10 11 1‘1].

Theorem (Perspective relaxation)

vol(J) d 1
CEPICEDD A 733 J, f@)

J=0

vol(P(f,J)) =

Base = [, (u(z) — f(x))dz
Height = 1.

z=1

z=0 ‘
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The well-known volume formula for the d-simplex
J := conv{vg,v1,...,v4} C R%is

1 v9 VI ... U
vol(J):/Jldac:d!|det[10 11 1‘1].

Theorem (Perspective relaxation)

vol(J) d 1 o
@r a2 T J, fe

J=0

vol(P(f,J)) =

Base = [, (u(z) — f(x))dz
Height = 1.

z=1

z=0 ‘
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Volumes of relaxations

Theorem (Naive relaxation)

d

1(J
vol(P°(f,J)) = (d:; it D) Z (vj) / /fzx dxdz.

J=0
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Volumes of relaxations

Theorem (Naive relaxation)

1 d
vol(P°(f,J)) = (d:; it D) Z (vj) / /fzx dxdz.

J=0

_ C@/Jf(m)dx—/ol zd/]f(zx)dwdz.
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Volumes of relaxations

Theorem (Naive relaxation)

d

1(J
vol(P°(f,J)) = (d:; it D) Z (vj) / /fzx dxdz.

J=0

_ 1 ! d
A(P°, P) = m[]f($)dx—/0 z [}f(zx)d:vdz.

e A(PY P) >0 is independent of the upper bound .

@ These volume formulae are true for the general polytope Q.
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g-homogeneous function

f(z) is g-homogeneous if f(Az) = X9 f(x) for A > 0.

Theorem (Convex g-homogeneous function on conv(J U {0}))

/ /fz:z:da:dz— +d+1/f

AP, P) = -1 /f

(q+d+1)(d+2)
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g-homogeneous function

f(z) is g-homogeneous if f(Az) = X9 f(x) for A > 0.

Theorem (Convex g-homogeneous function on conv(J U {0}))

/ /fzxda:dz— +d+1/f

A(P°, P) = -1 /f

(q+d+1)(d+2)

Corollary (Lee, Skipper, and Speakman [2021])
Ford=1, J=[l,u], and f(x) = 29,

(¢ — D(udt! — ot
3(¢+2)(g+1)

A(P°, P) =
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Power of linear form

Example: f(z) =z"Cx (C = 0), f(z) = 3 As(c]2)? (\s > 0)

M~

s=1
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Power of linear form

Example: f(z) =z"Cx (C = 0), f(z) = 3 As(c]2)? (\s > 0)

M~

s=1

fz) = (cT2)?
@ ¢ > 1, f(z) is convex with the further assumption ¢'v; > 0.

@ g =2ris even, f(x) is convex.
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Power of linear form

Example: f(z) =z"Cx (C = 0), f(z) = 3 As(c]2)? (\s > 0)

M~

s=1

fz) = (cT2)?
@ ¢ > 1, f(z) is convex with the further assumption ¢'v; > 0.

@ g =2ris even, f(x) is convex.

Consider the cut-off ratio

A(P°, P)
vol(PY(f, J))
over J = conv{vg,v1,...,vq}. Note that the assumption c¢'v; > 0 is
equivalent to ¢ > 0 when J = A, := conv{0,e1,...,e4}.
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A(P°, P) S g—1

1
> NO(—), for fix d
vol(PO(f, J)) — Ut — (44 2) g4
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q>1, CT’Uj >0

qg—1

1
> ~ O (—) for fix d
VOl(PO(fv )) % — (d—|— 2) qd

T(g+1) &,
/Jf(ﬂv)dw > d! VOl(J)mJZ:(:)f(U]).
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q>1, CT’Uj >0

qg—1

1
> NO(—) for fix d
VOl(PO(fv )) %—(d—Fz) qd
> d!vol
/f )z > divol(J)=— L q+d+ Zf

T
@ The lower bound becomes tight when <2

Tor 0 for all j # k, where
c" v, = max; c'vj.

@ When d = 1, the lower bound recovers ﬂ
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q = 2r even

Goal: find a lower bound on the ratio fAd(cTt)th divided by 2?21 cf.
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q = 2r even

Goal: find a lower bound on the ratio fAd(cTt)th divided by 2?21 cf.

_— (2r)! k1 kg . (2r)! e
/Ad(CTt)Q dt = (2r 4+ d)! ||k||12=2T A fa = (2r + d)!h%( ) J

@ hay(c) is the sum of all monomials with coefficient 1 and degree 2r,
which is called complete homogeneous symmetric polynomial.
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q = 2r even

Goal: find a lower bound on the ratio fAd(cTt)th divided by 2?21 cf.

_— (2r)! k1 kg . (2r)! e
/Ad(CTt)Q dt = (2r 4+ d)! ||k||12=2T A fa = (2r + d)!h%( ) J

@ hay(c) is the sum of all monomials with coefficient 1 and degree 2r,
which is called complete homogeneous symmetric polynomial.

o Find a lower bound for

d

min{ho,(t) : Zt?r =1}

=1
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q = 2r even

>
vol(PO(f,J)) — (etdtlory _ (44 9)

(d+1)!q!
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q = 2r even

qg—1

7 >
VOl(P (f, J)) o — (d+ 2)

e Hunter [1977] gives the bound Ay, (c) > 7
° (L) 1) > >4 2.

/f dx>dlvol(J( '%'vaj
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q = 2r even

qg—1

7 >
VOl(P (f, J)) o — (d+ 2)

@ Hunter [1977] gives the bound hg,(c) >
° (Z? L )" > Z

d
2T17“! ( Jj=1 C.?)T'

d
/f de‘>dlvol(J( |2r Z_: (vj)-

o It is still an open question whether this bound is tight or not.
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Improvement on the ratio

For (i) d =2, (ii) ¢ = 2, (iii) ¢ =4 and d = 3, we have

1 d
hq(Cl,..., EZ

The equality holds if and only if :"%_, ¢; = 0.

® ha(ct,...,cq) — 22 =16 _%(Z] 165)%

° h4(cl,02,03) (cl +ch+c3) = (01 +ea+e3)2 (B + G+ ).
o he(l,1, —2)/(16+16 + (—2)%) = 31/66 ~ 0.4697.

o 74(0.3577,0.3577,0.3577, —0.9875)/(c} + ¢4 + ¢4 + ) ~ 0.4598.
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A class of exponential functions

Example: f(z) = exp(1'xz) — 1 (not g-homogeneous)
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A class of exponential functions

Example: f(z) = exp(1'xz) — 1 (not g-homogeneous)
Consider the asymptotic behavior of the cut-off ratio

A(P% P)
vol(PO(f,J))
over J = conv{vg, vy + ueq, ..., vy + ueq} when vy is fixed and u tends to
infinity.
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A class of exponential functions

Example: f(z) = exp(1'xz) — 1 (not g-homogeneous)
Consider the asymptotic behavior of the cut-off ratio

A(P% P)
vol(PO(f,J))
over J = conv{vg, vy + ueq, ..., vy + ueq} when vy is fixed and u tends to
infinity.

Vo
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A class of exponential functions

For J = conv{vg,vg + ue,...,vo + ueq},
where vg is fixed and u tends to infinity.

A(P°, P)
u=oo  vol(PY(f,

lim w =d+ 1.

<

)
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A class of exponential functions

For J = conv{vg,vg + ue,...,vo + ueq},
where vg is fixed and u tends to infinity.

, P)

lim w =d+ 1.

( O
u=oo vol(PO(f, J))

o Asymptotically, with respect to u, the fraction of the volume
of the naive relaxation that is “extra” beyond the perspective
relaxation tends to O rather quickly as w tends to co.
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Box domain case

z € {0} UQ, where Q = A[0,1]™ + b, and rank(A) =n < d.
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Box domain case

z € {0} UQ, where Q = A[0,1]™ + b, and rank(A) =n < d.

Recall Theorem
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Box domain case

z € {0} UQ, where Q = A[0,1]™ + b, and rank(A) =n < d.

Recall Theorem

vol(P°(f,Q)) d+2/u dw—/ /fZiL‘ Ydxdz.

A(PY, P) = d—_ﬂ/@f(x)dm—/o zd/]f(zx)dxdz.

Challenge: The best concave upper bound u(z) is no longer a hyperplane.

Concave Piecewise Linear Convex Piecewise Linear

Xu (UC Davis), Lee (UM) Perspective MIP Workshop 2025 22/27



Concave envelope

A function f(z): S+ R is said to be supermodular if
flxVy) + flxANy) > f(x)+ f(y) for all z,y € S, where zVy and x Ay
denotes the elementwise maximum and minimum of x and y.

Theorem (Tawarmalani, Richard, and Xiong [2013])

If f:]0,1]¢ — R is supermodular when restricted to {0,1}%, then the
concave envelope of f over [0,1]% is given by the piecewise linear function
through Kuhn's triangulation A;, ;, -={x:0<x; <.--- <uz;, <1},
for any permutation (i1, ... ,iq) of [d].

conc(f)
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Box domain case

o f(z)=e'" —1(c > 0) is supermodular.
@ We consider two natural upper bound functions i and compare the
asymptotic behavior of the cut-off ratio on a scaled box
Qu = vo +ul0,1)¢
© v is a best constant upper bound F' := max,cq{f(x)};
Q v is conc(f).
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Box domain case

o f(z)=e'" —1(c > 0) is supermodular.
@ We consider two natural upper bound functions i and compare the
asymptotic behavior of the cut-off ratio on a scaled box
Qu = vo +u[0,1]¢
© v is a best constant upper bound F' := max,cq{f(x)};
Q v is conc(f).

. vol(P(f, Qu, F))
U—r00 VOl( (f Qua COHC(f)))

lim u? - A(P(J’P) — d+1
U—00 VOI(PO(f7 Q’lu CODC(f))) H] 1 CJ

= a4 1L
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Box domain case

o f(x) = (c'x)(q > 1,c>0) is supermodular.
A(P°, P) S A(PY, P)
Vol(PO(f, Qu, conc(f))) — vol(PO(f, Qu, F'))

A(PY, P)

e V(PO Qu, F))
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Conclusion & Future Work

@ We give a way to calculate the volume of the perspective and naive
relaxation

@ We analyze the cut-off ratio for several important classes of functions
on a simplex and box domains with different behaviors
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Conclusion & Future Work

We give a way to calculate the volume of the perspective and naive
relaxation

@ We analyze the cut-off ratio for several important classes of functions
on a simplex and box domains with different behaviors

@ To understand the asymptotic behavior of the cut-off ratio in terms of
more general classes of functions and domains.

@ To explore the affects of triangulation over a polytope on these
relaxations

@ To incorporate into efficient algorithms to solve problems in
application
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Thank You!
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Integration over a simplex

Monomial formula over a standard simplex

d ]

5 (0%
/ m?ln‘xgddx:n#
Aqg (d+ g )!

where (o7 GZzo,jzl,...,d.

Xu (UC Davis), Lee (UM) Perspective MIP Workshop 2025 4/5



Integration over a simplex

Monomial formula over a standard simplex

d |
1 Q50
/ .. xgtde = —H]_Cll A
where (o7 GZZO' j=1,....d.
More generally,
P, +1
/A x?lx?...xgd(l—xl—---—xd)ad“da:: H]—l ( J )
d

NEH aj+d+1)

where a; € R, o;j > —1, and the gamma function
[(z) := ;22" e ®dw for z > 0.
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Integration over a simplex

Theorem (Baldoni, Berline, De Loera, Képpe, and Vergne [2010])

!
/(cTa:)”dx = d!vol(J) n :L_'d)' Z (cTwo)ko ... (cTwg)ke
J “kez&H |Iklli=n

Tz (chO)kO o ( Tvd)kd
/Je dx = dlvol(J) Y (KL T a)

d+1
kezdy
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Integration over a simplex

Theorem (Baldoni, Berline, De Loera, Képpe, and Vergne [2010])

!
/(cTa:)”dx = d!vol(J) n :L_'d)' Z (cTwp)ko ... (cTwg)*e
J “kez&H |Iklli=n

T (cTvg)ko ... (cTwg)kd
e Tdx = d!vol(J
/, D) 2 (k)

d+1
kezdy

In particular, when J = Ay, we have

n!
/ (c"z)"dx = ' Z (c)® ... (cq).
Ay (n+d)! kezd - Jicl=n
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